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8. The CLR bound

The Iwikel-Lich-Rozenblum inequality
provides a bound on the member ofnegative

eigenvalues ofa Schrdingen operator:N10,-1AVI.

Th (Gwikel-Lieb-Rozenblum inequality (
Let o =3 and V- G L* (ID"). Then

NC0,-1rr) = CH IV-1"

where b depends only on the dimension.

Remort
-

It is not surprising that the positive part ofV
does not

appear in the upper bound because

Ng -x+v) =wcr-x+V-) by the min-mox principle.

/due to Rupert Frank)

Let W be the space spenned by eigenfunctions

ofnegative eigenvalues of-AV. Assume

dim WIN. Since the operator EDL" is

strictly positive on 1(RO) we have

dim L(-D)"W)I N. (*)

Indeed:A is positive a square roof of a

positive operator. Furthermore, ifhe...unt



are linearly independent, then so awe?Fuil.
To see this, note that

Fi-t Fiug to s
- (ni-tuj) =0 cE ai-taj =0

↑

#20 so inverse exists

this justifies ⑰].

Thus we can choose Sun. CW suchHot

Ex G So, one orthored in CIRY.
M

(indeed:first choose in Or (Grem-Schmidt

~:= Es in J

We now use the kinetic L5 inequality (see part 2):

Let ok2x20 and 320 (KS are not

necessarily integers). For any NC1,
let

4 (-x)) ven B, be outlonormal functions
N

in CRY and demote g(x) = lences
Then

--

ENEsull-Kasi)grtr ex.
IR*

The constant Kolsie is independent of Nandan

we will use it for k=S=1. We have:



n=1N
=

EbnerVinceIsee here
0 =E(a,)Fb +V(m)ixy

=N +SVIgrde
n =1 IRA

Putting together these inequalities we find that

N = - SVgde S IV-(e)/g(e)de
IR* ID0

Hit IV-I* ISKE =N-Ken ()
which is equivalent to

11
- 1 +

=IN
- 11 K-

1

⑮

N =Kol
1 -/ IV-cso

12

We conclude by taking N -> dimW.

Remark
- The CLR bound foils in d=2.

Erase
Let RV40 in det. Then E. c0.



Solution:

Let us consider of-1. We take the trial state

&x
=re-te

then

Ta = 12"xetex=
2

=(St *e
E

112=besttelline
see

IR

Ver =-Ste-2* x - c cestto

Tax + Ven 0 as 1+0

·(d=2.

triel function ar

N
Es I - where N =T+V

D

Tar= 8 eretrg; U-Sar Ve
-Lank

-2r
D
=Jaume -normetication

↳ ->SV.
Dr



Tra =Eder (- air -- =

↳=e
=Edras erasebladdeI
=a metre
-

en=a2 x-

! Ca

=>>E. <0 for Ito,240.

there exist CLR type bounds in ol-1,2 bist

they are slinthly more complicated

the CIR bound above can be also extended

to the cost offractional laplesions.
To this end one repeats the proofwith K=S

(in the kinetic inequality) to obtain

↳

N = ker-
->

NCED+V) =caspas
We will now be interested in the sum of

negative eigenvalues (not just the number).



9. Lied-thoring inqquoloties

I
Let CK2s and K20,V_E(*** (*).-

Let SEn (EDV)3., demote the negative eigenvalues

of EDSV. Then

Enses+VIl" = Eos SNecel*
In

Proo-
This result follows from the 10 case

proven above. We use the layerthe representation

LE =k YM (Enc-E) E*dE
Using the CIR bound for the negative engenvolves

of EDCSNV+Ewe get

M(EE) = CVs +E)_ 1s o
Thes

EIE.1" =k] MCE -E) EdEhi

>CK? IVs + E)_EE a) de
= (8 IGr_ek-e) de



But

SINGbE)_(s EK-1 E=
-SIVK1 E)_ (* ()"Necro)I =
=IV. 1s+/4-E)_(Es EkdE

thes
2 lEil=C'S IV-cl* o
n_ Id

where c =ckY(x- E) _ 18s krj
-
-

Remarks

· (the original LT inequally has been deviled

by Lieb and thing in 1985 for k=1, s=1

·) They extendedthe inequality to 130 when did

and kit when d=1 (all for s=1)

·) CLR bound in 1977.k =1 d=1 + Weid 1996

we shall now sketch the original lieb-Thirring

proof



Original Lueb-Thirringproof(s=1,6 =3)
Let -- be a negative eigenvalue of H= -x - V-

with eigentp. If

bas:=NE4
then

1 -x +e)+ =Y- p.

Lemme
- Fou a given to the solution ofEstely=

I

is given by
Ex+e)"8: =SGec-y) flylfg

IR
with Gary -iste entiren

Using this we have

d =Ees"
Ke

which
new be rewritten es ks4 =1

ke is an integral operator, i.e.

keb(x) =(ke(x,y)dy)ty
IR

with

ke(x,y) =N(x)Ge(x-y)V(y)
which is colled the Birnen-Schwinger kernel.



th Birnen-Schwinger principle (

1.Ke is a bounded operator on LCHY

2. There is aone-to-one correspondence between

the two sets of eigenate
34 =HCR):Ry =-ep3
30=2(m):Kef =PS

3. There is a one-to-one correspondence between

the eigenvalues, in the sense thatNew Be for
Ne= #) eigenvalues ofA less then or equal do-el

Be=#} eigenvale of he greater than or equal to 13

Now:

15) ==jrete Be E iglass TrileY
11
eigenvales
ofKe

in (KeY =J) V- x) Gelegs" V-ly) deyGenes112IR3
d

=! V-sdesoelys'dy= (Vae1123 12(125412 +e)
e

=> ce
-t

-
this still needs to be integrated

from 0 to 0 ine? Problem



Trick

We :=(V()+e/2), - max (-VI -ex,0) V-14

By miz-wax principle:

Ne [NeC-V_) =N=(-V-+ E) = Ne (-Wel.

then'

Eili de Newelsa last were a de
=(Vas+E)? arde

= ()(a)- E) dede
=cS*(v as -) are

andthe final computation as before.


